Theorem. Let F be a field, g(x), h(x) be polynomials in F[x], A and B be non-empty finite subsets of a F, |A| = a, |B| = b. Assume also that d = deg g(x) > deg h(x) and A does not contain roots of h(x). Assume further that k ≤ (a − 1)/d + b − 1 and binomial coefficient
The theorem immediately yields the following
The work is supported by RFBR grants 11-01-00677-a, 13-01-00935-a, 13-01-12422-ofi-m and President of Russia grant MK-6133.2013.1.
FEDOR PETROV
Corollary. Let p = char F (and p = ∞ if char F = 0). Then
In particular, for Bourgain's expander we get |{x 2 +xy :
Proof of the theorem. Assume the contrary. Then there exists a set C of cardinality k so that g(x) + yh(x) ∈ C for all x ∈ A, y ∈ B. Clearly k ≥ b (just fix x and vary y). Denote
for some pairs (i, j) of non-negative integers and some coefficients λ i,j in F. Such a polynomial P (x, y) vanishes on A × B. Consider some F-valued functions α(x), β(y) defined on A and B respectively. Look at the following sum, which eventually vanishes
Our goal is to choose functions α, β so that there exists unique non-zero term in the last expression in (1). Let's choose β so that
Such β does exist, since the Vandermonde determinant for the set B does not vanish. Then all terms in (1) with j < b − 1 do vanish. If j ≥ b − 1, then we may expand
Let's choose α so that 
where M is leading coefficient of the polynomial g(x). So, by our assumption this expression does not vansih in F. After all, we indeed have unique non vanishing term in (1), as desired.
Remark. Let F be a field of p n elements for prime p, B be any subfield of, say, p m elements, and A = B \ {0}. Then f (A, B) = B for any polynomial f and we get no nontrivial bound. But already for |B| = b = p m + 1 and |A| = a ≥ C · p m , 0 < C < 1, for, say, f (x, y) = x 2 + xy, we get an estimate |f (A, B)| ≥ (1 + C/2)p m − 1, since corresponding binomial coefficient is not divisible by p. It would be interesting to have structured version of this result, i.e. to prove that if |f (A, B)| is close to |B|, then B is close to a subfield. Also, the constant 1 + C/2 does not look to be sharp and probably the correct constant is 1 + C.
I am grateful to Ilya Shkredov for pending my attention on this question and many fruitful discussions.
